We introduce prism complexes and show that while every compact 3-manifold has a prism complex structure, it admits a special prism complex structure if and only if it is a Seifert fiber space either with non-empty boundary or with Euler number zero or has surfaces in its exceptional set. We call a prism complex special if each interior horizontal edge lies in four prisms, each boundary horizontal edge lies in two prisms and no horizontal facet lies on the boundary.
Introduction
Cube complexes provide a nice discrete structure to work with hyperbolic manifolds primarily because of a combinatorial criterion given by Gromov which ensures that it has a CAT(0) metric. In this short note we introduce prism complexes as a discrete structure to study Seifert fiber spaces.
A prism is the product space ∆×I where ∆ is a 2-simplex and I a closed interval. We call the edges of ∂∆ × ∂I horizontal and the rest of the edges of the prism we call vertical. Similarly, we call the facets in ∆ × ∂I horizontal and facets in ∂∆ × I as vertical. A prism complex is a 3-dimensional cell complex in which each cell is a prism, the attaching maps are combinatorial isomorphisms and furthermore, horizontal edges are identified only with horizontal edges. We call a prism complex special if each horizontal edge in the interior of the complex lies in four prisms, each boundary horizontal edge lies in two prisms and no horizontal facet lies on the boundary of the complex. We prove that a special prism complex can be thought of as a discrete version of the local fibration of a Seifert fiber space: Theorem 1.1. Every compact 3-manifold M admits a prism complex structure. Moreover, it admits a special prism complex structure if and only if it is a Seifert fiber space with ∂M = ∅ or SE(M ) = ∅ or e(M ) = 0. So in particular, if M is a compact 3-manifold with boundary, then it admits a special prism complex structure if and only if it is a Seifert fiber space.
Every regular fiber in a Seifert fiber space has a fibered neighbourhood fiberwise homeomorphic to a trivially fibered solid torus D × S 1 (foliated by the leaves x × S 1 ) or half solid torus D + × S 1 (with D + = {(x, y) ∈ D : x > 0}). Fibers which are not regular are called exceptional. They have fibered neighbourhoods fiber-wise homeomorphic to the flow of the mapping torus of a disk or half disk, via a monodromy that is either a rational rotation (to give a solid torus with an isolated exceptional fiber) or a reflection r(x, y) = (x, −y) (to give a solid Klein bottle or half solid Klein bottle with an exceptional annulus). The connected components of the exceptional set are therefore circles, annuli, tori or Klein bottles. We denote by SE(M ) the collection of annuli, tori and Klein bottle components of the exceptional set. And when M is closed, we denote by e(M ) the Euler number of the manifold.
Seifert fiber spaces
Most of the literature on Seifert fiber spaces deals only with oriented spaces with the corresponding results for non-oriented spaces being folklore. In this section we explicitly prove one such result:
or is closed with e(M ) = 0 if and only if it is a surface bundle over a circle with periodic monodromy or a semi-bundle over an interval, i.e.,
A good reference for Seifert fiber spaces is the survey paper by Scott [5] and the preprint of the book by Hatcher [4] . A complete combinatorial description for Seifert fiber spaces which includes the non-oriented spaces is given by Cattabriga et al [1] . [1] ). Every Seifert fiber space is uniquely determined, up to fiber-preserving homeomorphism, by the normalised set of parameters {b; ( , g, (t, k)); (h 1 , .., h m+ | k 1 , .., k m− ); ((p 1 , q 1 ), .., (p r , q r ))}.
See Section 2 of [1] for a description of the parameters in the above theorem and for an explicit construction of a Seifert fiber space with the above parameters. In brief, the recipe is as described below:
Construction of Seifert Fiber space M with given parameters: When ∂M = ∅ we start with a circle bundle over a compact connected surface B * of genus g with m + + m − + (r + 1) + t boundary components which is orientable if = o, o 1 , o 2 and non-orientable if = n, n 1 , n 2 , n 3 , n 4 . Considering B * as a disk D * with pairs of arcs identified along the boundary, the circle bundle p : M * → B * can be thought of as a trivially fibered solid torus (above D * ) with pairs of annuli attached either by identity or by the reflection map as determined by the symbols for and such that M * ends up with k + m − many Klein bottle boundary components [3] . As both the identity and the reflection map on S 1 have fixed points, so we can identify B * with a fixed section of this circle bundle.
On each torus boundary component of M * , fix a component of ∂B * as the meridian and a regular boundary fiber as the longitude. Let N be a mobius strip foliated by circles with one exceptional fiber as in Figure 1 . We then Dehn fill the first r + 1 torus boundary components with solid tori along the given slopes q i /p i and b/1, we attach S 1 × N fiber-wise along the next (t − k) torus boundary components and for each torus T i of the remaining m + torus boundary components we attach a copy of I × N fiber-wise along the boundary to h i many disjoint fibered annuli I × S 1 in T i . Similarly, we cap off the first k Klein bottle components by attaching fiber-wise a twisted product S 1 ×N and along each Klein bottle K j of the remaining m − boundary components we attach a copy of I × N along k j many disjoint fibered annuli. Proof. Let n = 2q 1 ...q r . We shall construct a horizontal surface S which intersects a regular fiber n times. Case (i): Suppose ∂M = ∅. With notation as in the construction above, let c be an arc in a boundary component of B * that lies in ∂M , i.e., it is not capped off by a solid torus, N × I, N × S 1 or N ×S 1 . Let c 1 , ..., c r be r boundary components of B * whose preimages p −1 (c i ) are tori which are Dehn filled by solid tori. Let α 1 , ...α r be disjoint arcs in B * with both end points on c which cuts out from c disjoint arcs β i and from B * disjoint annului with boundaries α i ∪β i ∪c i . Let B 0 be the complementary component of B * outside of these annuli. Let M 0 = p −1 (B 0 ) be its pre-image in M * . Instead of Dehn filling M * along the torus components p −1 (c i ) as described in the construction above, we can Dehn fill fibered solid tori V i onto M 0 along the torus p −1 (α i ∪ β i ) such that each meridian disk of V i intersects the fibered annuli p −1 (α i ) in q i horizontal arcs. Let S 0 be a horizontal surface in M 0 obtained by taking n/2 disjoint copies of a 2-cover of B 0 . It intersects each fiber of the circle bundle p : M 0 → B 0 n times. In particular, it intersects all the torus boundary components of M 0 in n curves parallel to components of ∂B 0 on tori and all the Klein bottle boundary components in n/2 curves which 2-cover the remaining components of ∂B 0 . Let a be a horizontal curve in the mobius strip N intersecting ∂N twice in diametrically opposite points as in Figure 1 . Let A i be n/2 copies of the annuli S 1 × a in each S 1 × N , let B i be n/2 copies of the mobius strips S 1 ×a in each S 1 ×N , let C i be n/2 copies of the rectangles I × a in each copy of I × N and let D i be a union of n/q i meridian disks in V i , in the construction above. After an isotopy through horizontal surfaces we may assume that S 0 matches up with the various A i , B i , C i and D i along horizontal arcs and curves on the boundary of M 0 to give the required horizontal surface S.
Case (ii): Suppose SE(M ) = ∅. If SE(M ) has annuli then ∂M = ∅ and we are back in Case(i). Assume that SE(M ) has only tori or Klein bottle components. We proceed as in Case (i), taking c instead as a boundary component of B 0 which lies in a component Z of ∂M 0 that is capped off by an S 1 × N or S 1 ×N . Assume that Z is a torus capped off by S 1 × N . After an isotopy through horizontal surfaces, we may assume that S 0 intersects each fiber of Z in equidistant points. Let γ = (γ 1 , γ 2 ) : S 1 → Z be a curve representing a component of S 0 ∩ Z. Let γ : S 1 → Z be the curve γ (t) = (γ 1 (t), γ 2 (t) + π), i.e., γ (t) is the curve traced diametrically opposite to γ(t) on each fiber γ 1 (t) × ∂N . The curve γ may simply be a reparametrization of γ (if γ has slope q/p with p even). Let a(t) represent a horizontal arc from γ(t) to γ (t) in the mobius strip γ 1 (t) × N . Then ∪ 2π t=0 a(t) gives an annulus with boundary γ ∪ γ . Let C 0 be the union of all such annuli on different components of S 0 ∩ Z. Let C i be the rest of the annuli in the other S 1 × N pieces as in Case (i) above (with γ a curve of slope zero). Then S 0 matches up with the A i , B i , C i and D i to give a horizontal surface S. Similarly if Z is a Klein bottle capped off by S 1 ×N , proceed as above capping S 0 off at Z with Mobius strips obtained by taking the union of horizontal arcs a(t) in the t × N joining diametrically opposite points of ∂N and then construct S by matching S 0 with the various meridian disks, annuli and mobius strips in neighourhoods of elements of the exceptional set.
Case (iii): Suppose ∂M = ∅ and SE(M ) = ∅ The proof here is identical to the closed orientable case (see for example [4] ). We reproduce here the details for completion. Remove a solid torus neighbourhood of a regular fiber of M 0 so that the section B 0 has r + 2 boundary components. Proceed now as in Case (i), taking c as the (r + 2)-th boundary component of ∂B 0 to get a horizontal surface. It is now enough to show that any horizontal surface S intersects the boundary torus T = p −1 (c) in a curve of slope e(M ) = α i /β i + b: If e(M ) = 0, we can extend the horizontal surface S to a horizontal surface on all of M by attaching meridian disks of the solid torus V that we Dehn fill in at T with slope zero. Conversely, given a horizontal surface S in M , the intersection of S with T bounds a disk in V and hence must have slope zero, so e(M ) = 0.
Claim: Slope of S ∩ T is e(M ). As S is horizontal it meets each fiber of M 0 the same number of times, say n times. Intersections of S with B 0 on the boundary we count with sign according to whether the slope of ∂S at such an intersection point is positive or negative. The signed total number of intersections we get is zero as points at the end of an arc of S ∩ B 0 have opposite sign. The slope of S on the torus boundary containing c i is by definition the ratio of the signed intersection with B 0 and the signed intersection with a regular fiber. As this slope is q i /p i , it gives signed intersection of S with B 0 on c i as nq i /p i for i = 1...r and similarly on c r+1 as nb. So the slope of S ∩ T is ( nq i /p i + nb)/n = e(M ). 
Conversely if M is a surface bundle with periodic monodromy or a semi-bundle with involutions on both sides, then the flow of the monodromy gives a foliation by circles and so by a result of Epstein [2] it is a Seifert fiber space. Furthermore, it contains a horizontal surface F × 0 and so by Lemma 2.3 it must have ∂M = ∅ or SE(M ) = ∅ or be closed with e(M ) = 0.
Prism complexes
Let τ be a triangulation and let φ be an automorphism of a surface F . Let τ 0 = τ ∩ φ(τ ) ∩ ... ∩ φ n−1 (τ ) denote the polytopal complex where every polytope is an intersection ∆ 0 ∩ φ(∆ 1 ) ∩ φ 2 (∆ 2 ) ∩ ... ∩ φ n−1 (∆ n−1 ) with ∆ 0 ,...,∆ n−1 simplexes in τ . Lemma 3.1. Let F be a compact surface. If φ : F → F is a periodic map and τ is any triangulation, then there exists a subdivision τ * of τ with respect to which φ is a simplicial map.
Proof. Let n be the periodicity of φ and let τ 0 be the polytopal complex as defined above. Let τ * = β(τ 0 ) be the barycentric subdivision of τ 0 . Then for any polytope
is again a polytope of τ 0 . As all polytopes of τ 0 are taken to polytopes under φ so their barycentres go to barycentres and consequently φ is simplicial with respect to its barycentric subdivision τ * .
We now prove the main theorem of this article:
Proof of 1.1. Given a 3-simplex ∆ with vertices a, b, c, d we can convert it to a prism that we denote as , v] which together give the barycentric subdivision of the 2skeleton of τ . In either case, horizontal edges only meet other horizontal edges, so this construction changes a simplicial complex structure to a prism complex structure. This is not however a special prism complex structure.
Suppose now that M admits a special prism complex structure. Foliate each prism ∆ × I by intervals x × I. As each interior facet of a prism lies in exactly two prisms and each boundary facet lies in one prism so points in the interior of prisms and in the interior of a facets have fibered neighborhoods fiber-wise homeomorphic to the fibered product D × I. The dual graph of star of an interior edge of the complex is regular of degree 2 and is therefore a circuit. So points in the interior of vertical edges have neighborhoods fiber-wise homeomorphic to D × I. Similarly a vertical edge on the boundary has neighbourhoods fiber-wise homeomorphic to D + × I. Exactly 4 prisms meet at a horizontal edge so exactly 2 horizontal facets meet along a horizontal edge. So the union of all horizontal facets gives a triangulated surface S. The interior of the star of a vertex v in S is a disk. All the prisms with a horizontal facet on one side of this disk share the vertical edge containing v. And so the interior of the star of such a vertex in M is again a fibered D × I. So M is foliated by 1-dimensional leaves.
As no horizontal facet lies on the boundary so the dual graph of the prism complex with edges corresponding to horizontal facets and vertices corresponding to the prisms is also a circuit, so the union of the corresponding prisms is either a solid torus or a solid Klein bottle foliated by circles. This shows that M is a compact manifold foliated by circles and hence by a result of Epstein [2] , M is a Seifert fiber space. Since S is horizontal to this foliation, so by Lemma 2. 
